The structure and materials of the blood vessel wall are layered. This article presents the principle of a method to determine the mechanical properties of the different layers in vivo. In vivo measurement begets in vivo data and avoids pitfalls ofin vitro tests of dissected specimens. With the proposed method, we can measure vessels of diameters 100 ,um and up and obtain data on vascular smooth muscles and adventitia. To derive the full constitutive equations, one must first determine the zero-stress state, obtain the morphometric data on the thicknesses of the layers, and make mechanical measurements in the neighborhood of the zero-stress state. Then eight small perturbation experiments are done on each blood vessel in vivo to determine eight incremental elastic moduli of the two layers of the blood vessel wall. The calculation requires the morphometric data and the location of the neutral axis. The experiments are simple, the interpretation is definitive, but the analysis is somewhat sophisticated. The method will yield results that are needed to assess the stress and strain in the tissues of the blood vessel. The subject is important because blood vessels remodel themselves significantly and rapidly when their stress and strain deviate from their homeostatic values, and because cell proliferation, differentiation, adhesion, contraction, and locomotion depend on stress and strain in the tissue. The blood vessel is considered to be composed of two layers in this paper: the intima-media and the adventitia. The intima consists of an endothelium with a thickness of about 2 gm and a basal lamina of collagen with a thickness of about 1 ,um. The media layer is thicker and is composed of alternate layers of smooth muscle cells, elastic laminae, and a minor amount of collagen and ground substances. The adventitia consists of collagen, ground substances, and some fibroblast cells. Capillary blood vessels have no smooth muscle and adventitia. Arterioles and venules are small tubes predominated by smooth muscle cells. Larger vessels have thicker layers of smooth muscle cells and adventitia.
The blood vessel is considered to be composed of two layers in this paper: the intima-media and the adventitia. The intima consists of an endothelium with a thickness of about 2 gm and a basal lamina of collagen with a thickness of about 1 ,um . The media layer is thicker and is composed of alternate layers of smooth muscle cells, elastic laminae, and a minor amount of collagen and ground substances. The adventitia consists of collagen, ground substances, and some fibroblast cells. Capillary blood vessels have no smooth muscle and adventitia. Arterioles and venules are small tubes predominated by smooth muscle cells. Larger vessels have thicker layers of smooth muscle cells and adventitia.
Literature on the mechanics of blood vessels has been reviewed in refs. [1] [2] [3] [4] [5] . With the exception of refs. 6 and 7, all older studies have treated the vessel wall as a homogeneous material. In the two exceptions named above, the vessel wall was dissected, and one of the layers was tested separately. But dissection causes unknown damage to the mechanical properties, and we would like to avoid it as much as we can.
Why is the mechanics of blood vessels left in such a primitive state? We believe that it is because the following facts either are unknown or were ignored until recently; (i) the fundamental zero-stress state (8) of a blood vessel is not a closed circular cylinder but is an open sector (9, 10) ; (ii) the stress and the stress-strain relationships of different layers of the vessels are different (4, 11, 12) ; (iii) the shear and the tensile stresses acting in the vessel wall have different effects on tissue remodeling (3, 10, (13) (14) (15) ; and (iv) the mechanical properties of the vascular smooth muscle cells in vivo is very important and very complex and largely unknown.
We shall show that to measure the mechanical properties of a two-layered cylinder, we should do eight experiments of the six types sketched in Fig. 1 [1] in which c is a constant, and = 2 2 2 Q = aie00 + a2e, + a3e + 2a4eoeex, [2] q = ble20 + b2e2 + b3e2 + 2b4e0oe,, [3] and symbols are explained below. The stress is related to the strain by the formula Sij = a(p0W)/aejj, (i,j = 1, 2, 3). [4] In these formulas, (0, x, z) is a set of local right-handed rectangular cartesian coordinates ( Fig. 2) with an origin lying on the neutral surface of the shell, the axis 0 pointing in the circumferential direction, x in the axial direction, and z in the radial direction, positive outward. (19, 20) . In two dimensions, it is not'incompressible (18) . How can the large number of material constants involved in Eqs. 1-4 be determined? First, the constants b1, . . ., b4 of the quadratic form q for each layer can be determined by bending and stretching experiments in the neighborhood of the zerostress state (11, 16, 17) . The determination of the quadratic form Q and the constants c, a,, . . ., a4 has been done in vitro (14, 18, 21) in the in vivo stress range when the vessel wall is treated as a homogeneous material. Now, we shall extend the method to obtain in vivo all of the elastic constants of the different layers by a small perturbation method.
Theory of the Multilayered Blood Vessel
Our plan is to treat the blood vessel as a thin shell mathematically and to use the Flugge type of theory (22) . We assume that the homeostatic in vivo state (i.e., a state of stable static equilibrium in vivo) of a blood vessel is a circular cylinder. According to refs. 9, 10, and 23, the distribution of the homeostatic axial and circumferential strains referred to the zero-stress state are nearly uniform, and there is no torsion. The strains are not uniform if they were referred to the no-load state (12, 23) . Hence it is very important to determine the zero-stress state. It is the first step. By bending of vessel specimens at the zero-stress state, we determine the location of the neutral surface (4, 11, 23) . Then we measure the z coordinates of endothelial surface of the intima, -h?, the interface between media and adventitia, h°, and the outer surface of the adventitia, h° (11, 23) . Then fix the tissue in vivo with and without circumferential bending and determine the radius of the neutral surface, a, and the z coordinates -hi, hm,
With the notation of ref.
3, we described the location of a material particle in the neighborhood of a point on the neutral surface of a blood vessel wall at zero-stress state with a triplet (a1, a2, a3) with regard to a rectangular cartesian frame of reference with axes al, a2, a3, identified as 0, x, and z (Fig. 2) . In the in vivo homeostatic state, the frame of reference becomes (Xi, X2, x3), with the same material particles defining the origin and the ai and xi axes, i = 1, 2, 3. As we asserted above, we assume that the (xl, X2, X3) frame remains orthogonal, and the coordinates of the material points are transformed as xi = A1a1, X2 = A2a2, X3 = A3a3, with three constant stretch ratios A1, A2, A3, and A1A2A3 = 1.
Let The strains due to bending, stretching, inflation, and torsion of the blood vessel in vivo shall be calculated according to the Bernonalli-Kirchhoff hypothesis, which has been proven remarkably accurate over the years (22) . This means that all points lying on a normal of the neutral surface before deformation do the same after deformation, that for all kinematical relations, the coordinate z of a point (distance from the neutral surface, positive outward) is unaffected by the deformation of the shell, and that for all considerations of the stress system, the stress a, may be ignored. Using polar coordinates 0, x, z as shown in Fig. 2 Fig. 2-namel dinates of the inner wall, -hi, the interface adventitia, hm, and the outer wall of adventitia, Nx = (im)(l + z/a) dz + f"" C(ad)(l + zla) d
curvilinear shape of the element in the circumferential direction. On substituting Eqs. 8 and 10 into Eq. 11, it is seen that the following integrals appear repeatedly: C1 = (l/a)fdz, C2 = (1/a)f(z/a) dz, C3 = (1/a)f(z/a)2 dz. [12] They are dimensionless functions of the limits of integration.
If the limits are from -hi to hm, we write these Cs as C1(im) (i = 1, 2, 3). If the limits were from hm to ha, we write them as Ci(ad).
The ratios hi/a, hm/a, ha/a, are small numbers. C1, C2, C3 are small numbers of orders 1, 2, 3, respectively.
In the following expressions, all terms proportional to powers of the small thickness ratios higher than 3 are ignored. Then we obtain typical results like the following:
[13]
In every equation, a term with superscripts (im) is followed by wA= w- [9] another identical term with superscripts (ad). We indicate this WA = w. [9] fact by the symbol im ad. With these equations, each experiment can be formulated as a boundary-value problem that can be urface in vivo, solved and used to determine the material constants.
-face (positive the sense of Experimental Implementation of the Theory Using the theory above to formulate boundary-value problems associated with the experiments sketched in Fig. 1 The long edges of the mouth of the pipet are parallel to the axis the following of the vessel, and the condition of bilateral symmetry prevails. y, the z coorThese conditions permit us to assume that the deformation of )f media and the blood vessel at the midsection of the pipet is in a state of ha:
plane strain-i.e., u, du/lx, dv/dx, dw/dx, and a2w/Ix2 are zero.
Examples in shell theory also suggest that in such a bending in which the Gaussian curvature of the shell remains zero (the neutral surface remains developable), the stretching of the neutral surface is negligible-i.e., va/dO = 0. Using these assumptions, (which can be verified a posteriori), we can simplify Eq. [18]
The first two boundary conditions of Eq. 18 state the axial symmetry of the vessel and loading. The third condition of Eq. 18 is a statement that the total circumferential length of the neutral surface remains unchanged in the bending process. The length of the circumference is 2ira before bending and becomes the integral of (a + w) dO from 0 to 21r after bending. Equating these lengths yields the last condition of Eq. [19] In the region 0 2 Opip, the subscript "pip" and the Fig. 1 a, b, and [17] [ 22] 2172 Physiology: Fung and Liu N0 into Eq. 22 and using the measured values of w and au/ax and noticing that a2w/dx2 = 0, we obtain the desired equation connecting y2jVm), yVm), yVd), ysd).
Finally, consider the case of axial bending with a ring of load of uniform intensity H kg/m. The boundary conditions are now the vanishing of aw/ax at x = 0 and ±0, and the vanishing of a2w/ax2 at ±00, and Q, = H/2 at x = 0. The absence of axial load implies that Nx is a constant. Since the incremental Nx -* 0 at infinity, it must be zero everywhere. Set Nx = 0 into Eq. 24, solve it for au/ax, then substitute that au/ax into Eqs. 22 and 23, and use the result in Eq. 21. In the process, terms up to the cubic power of the thickness ratios are retained, whereas terms of higher powers are ignored. The result is D(a4w/ax4) + E(a2w/ax2) + Fw = 0 [26] in which D, E, and F are functions of the Ys and C1, C2, and C3 of the two layers (im) and (ad).
If E can be neglected, then our Eq. 26 is reduced to a form that has been discussed by Flugge (22) . For a long tube, the deflection under the load is w = -Ha/(2D1/4F3/4). Hence, knowing H and w, one obtains D114F3/4. Shear Moduli. To determine G(im) and G(ad), the torsion experiment is based on the membrane shear NxO, whereas the experiment on bending by a shear load is based on NHX. They yield two different combinations of G(im) and G(ad). The shear strain on the outer surface can be measured by markers as in Yu et al. (11) . The shear stress can be computed by the theory of torsion and bending. From these the moduli can be computed.
Conclusion
For blood vessels, the incremental elastic moduli can be determined by small perturbations of an in vivo homeostatic state. One uses a variety of perturbations in which the different layers participate in some different ways. For some linear problems such as wave propagation, the incremental elastic moduli are all that are needed. For the study of growth, remodeling, and tissue engineering, the full nonlinear constitutive equations are required. To determine the material constants in the constitutive Eqs. 1, 2, and 3, one needs to make one set of experiments in the neighborhood of the zero-stress state and another set at several blood pressures in vivo. The incremental elastic moduli named above are related to the second derivatives of the strain energy functions evaluated at each blood pressure. Together, all the constants can be determined.
Idealization of a blood vessel as composed of two layers of homogeneous materials may serve as a beginning for further analysis. More detailed modeling should be done if greater details are desired-e.g., modeling of the media as composed of layers of smooth muscles and elastin, modeling the adventitia as structures of collagen bundles and ground substances, and modeling of the endothelial cells as assemblage of stress fibers, microtubules, membranes, etc., in the images of strings, chains, rods, and membranes embedded in viscoelastic fluids.
